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ABSTRACT
Recent advances in the chemical vapor deposition method of growing
graphene sheets suggest that graphene rings can grow. We may an-
ticipate that chemical methods can be developed to construct twisted
nano-ribbons to form Mo¨bius structures in the very near future. I in-
vestigated the quantum mechanics of an electron constrained to motion
on a nanoscale Mo¨bius ring by solving the Schrdinger equation on the
curved surface. The close analogy between ordinary cylindrical rings
and Mo¨bius rings is displayed by the closeness of their energy spectra.
The expectation values for the angular momentum component Lz are
shown to be close, but not exactly equal, to integral or half-integral mul-
tiples of ~. The half-integer angular momentum states are present only
for the nontrivial topology of Mo¨bius rings. The effect of the curvature
of the Mo¨bius rings manifests itself in the level splitting. This can be
understood in terms of representations of the discrete rotational groups
Cσv. The nonzero variance of Lz will allow weak transitions between
integral and half-integral angular momentum states, while preserving
the unit angular momentum for photons.
Again, since the topology of the system is critical for the Aharonov-
Bohm effect, I investigated the AB effect on Mo¨bius rings and found a
remarkable pattern in transmission through finite-width 2D ring struc-
tures with finite-width input and output contacts attached at the pe-
riphery. The periodicity in the magnetic flux, in units of h/e, is weakly
broken on 2D rings of finite width. The unusual states with half-integer
values of 〈Lz〉 observed on Mo¨bius rings, investigated earlier, display a
different characteristic in transmission.
In view of the fascinating properties displayed by the non-trivial topol-
ogy in terms of its novel two-dimensional physics, we expect that the
properties of carriers on the Mo¨bius ring that we have presented here
will be relevant for practical applications.
2
Acknowledgments
I would like to express my gratitude to my advisor, Prof. L.R. Ram-Mohan, who gave
me the opportunity to conduct my study in his group, and has continually guided me in
the research. I am also thankful to Prof. Germano Iannacchione for being on this thesis
committee and reading through the manuscript. I gratefully acknowledge the support from a
President’s Undergraduate Fellowship and a Summer Undergraduate Research Fellowship at
WPI. This work was supported by the Defense Advanced Research Projects Agency. I also
thank Quantum Semiconductor Algorithms, Inc., for the use of their finite element sparse
matrix software.
3
CONTENTS
I Stationary properties of the quantum Mo¨bius ring 6
I. Introduction 6
II. Preliminaries: quantum mechanics in curved space 9
A. The Schro¨dinger equation for a free particle 9
B. Inclusion of electromagnetic fields 10
C. Momentum and angular momentum operators 11
III. The Mo¨bius Ring 11
A. Geometry of the Mo¨bius ring 11
B. Quantum mechanics on the Mo¨bius ring 12
C. The Mo¨bius ring in an external magnetic field 13
D. Rings with multiple twists 14
E. Parity symmetry and rotational symmetry 14
IV. Numerical computations with the finite element method 15
A. Energy levels and wavefunctions 16
B. Energy levels in a magnetic field 16
C. Angular momentum of eigenstates 17
D. Rings with multiple twists and energy level splitting 17
E. Photon transitions on a Mo¨bius ring 18
V. Concluding Remarks 19
II Electronic transport on the Mo¨bius ring 21
VI. Introduction 21
VII. Transmission coefficients of the Mo¨bius ring and flat rings 22
VIII. Interpretation of the transmission coefficients 23
4
A. The 1D ring (width = 0) 23
B. The 2D ring (finite-width) 24
IX. Comparison of the conductance in Mo¨bius and flat rings 26
X. Conclusions 26
References 47
5
Part I
Stationary properties of the quantum
Mo¨bius ring
I. INTRODUCTION
The quantum mechanics of particles constrained to move on curved surfaces is of interest
in view of the recent focus on topological effects in quantum systems and also because of
the possibility of constructing such surfaces, given the progress in the nanotechnology of
graphene. Recent advances in the chemical vapor deposition method of growing graphene
sheets1 demonstrate that graphene can be grown as continuous strips. While at present it is
possible to open up single layer carbon nanotubes to make graphene strips using chemical
methods, we hope that similar approaches can further be developed to do the opposite
and construct nanowires and twisted nano-ribbons to form Mo¨bius structures in the very
near future. Reviews of physical properties of two-dimensional graphene, its electronic
structure,2–4 and carrier transport in it5 are available. In view of the fascinating properties
displayed by graphene in terms of its energy band structure and other novel two-dimensional
physics, we may anticipate that the properties of carriers on curved surfaces will be relevant
for practical applications. Graphene strips of finite width are known to have an open energy
bandgap at the K-points in the Brillouin zone, so that a nonrelativistic treatment of energy
levels on such strips, albeit with small carrier masses, are appropriate instead of a relativistic,
Dirac-like approach to the quantum mechanics of electrons on Graphene. Also, it is known
from the work of Luttinger and Kohn6 that the envelope-function picture for the carrier
dynamics is sufficiently accurate as long as our structure is more than a few unit-cells wide.
Preliminary analysis has been done on the stability of twisted structures of graphene,7,8 and
it is clear from such studies based on first-principle methods that such twisted structures
are eminently feasible based on stability and energy considerations. Furthermore, complex
surfaces are beginning to play an important role in nanoscale structures in general and their
properties are governed by the proximity of the surfaces. This also provides a motivation
for our study.
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In this report,
1. we investigate the quantum mechanical energy levels of an electron constrained to
motion on a nanoscale Mo¨bius ring by solving the Schro¨dinger equation on the surface.
The dimensions of the ring in terms of the lateral and transverse parameters {u, v} for
the Mo¨bius ring allows us to identify the quantum numbers for the levels by (nu, nv).
We show that these quantum numbers correspond to the energy levels of a cylindrical
ring of the same dimensions, with the proviso that half-integral values are allowed in
the comparison. Thus at each stage of the analysis we find it very useful to compare
results for the Mo¨bius ring with the analytically derivable results for the cylindrical
ring.
2. The scaling property of the energy levels with respect to the dimensions of the Mo¨bius
ring is derived; using scaling, our numerical results which are given for only two specific
geometries can be extended to rings of other commensurate dimensions. Also, the
approximately equal energies for the Mo¨bius ring and the cylindrical ring further
extends the energy estimations on the Mo¨bius ring of other dimensions.
3. We show that the Hamiltonian is symmetric under parity in parameter space. How-
ever, in configuration space (in the laboratory coordinates) the rotational symmetry
of the cylindrical ring is not present so that the double degeneracy of energy levels for
azimuthal quantum number nu ≥ 1, that exists in cylindrical rings, is removed in the
Mo¨bius ring. The pattern for this removal of degeneracy is linked to the number of
twists, σ, and is explained in terms of group representation theory.
4. In view of the loss of rotational symmetry, the orbital angular momentum Lz does
not commute with the Hamiltonian; however, its expectation values are found to have
nearly integral as well as half-integral values of ~, and its variances are very small and
nonzero.
5. The Zeeman splitting of the energy levels in an external magnetic field is displayed.
The singlet ground state with Lz = 0 has little variation with the magnetic field. We
show that there are level crossings and anti-crossings with increasing magnetic field.
The mixed character of wavefunctions at a particular level anti-crossing is shown.
6. With the observation that states with both integer and half-integer values of orbital an-
gular momentum are allowed on a single nanoscale Mo¨bius ring, we further investigate
the transitions between states via photon emission or absorption. The requirement
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of angular momentum conservation and the fact that the photon is a spin 1 particle
would strictly prohibit a transition from states with half-integral angular momentum
to states with integer values. However, we predict that the non-zero variance of angular
momentum would remove this restriction, leading to the possibility of such transitions,
but with smaller probability.
7. The results for energy levels for rings with multiple twists are presented. A pattern
for the level splittings in terms of the number of twists is established.
Experimental representations of Mo¨bius structures in NbSe3 crystals
9 and in organic
molecules have been obtained;10,11 however, the focus has been on molecular energy levels.
Quantum mechanical considerations of particles constrained to surfaces in general have
been investigated yet earlier by Costa12 and by Nabutovskii and Romanov13 who considered
general surfaces.
While the theoretical aspects of Mo¨bius ring has been considered earlier by Miliordos,14
the discussion was limited to fairly simplified consideration of paths along the periphery
and along the mid-point of the width. A fully analytical calculation for the energy levels
on this surface seems to be a formidable task. By viewing the ring to be approximately a
one-dimensional structure he was able to show that there are both integer and half-integer
values of angular momentum. The left-handed and right-handed Mo¨bius ring are shown to
be equivalent so that the helicity does not affect the energy levels.
Gravesen and Willatzen15 have investigated the energy levels of a particle on a Mo¨bius
ring using the finite difference method to model a nanoscale Mo¨bius ring. They obtained
the lowest few wavefunctions and eigenenergies. They also noticed that the energies can be
approximated by those of the cylindrical ring.
Zhao, et al.,16 investigated topological effects in molecular devices, seen as discrete ladder
structures forming a Mo¨bius structure. The canonical quantization method was used to
obtain energy levels and a calculation of the Stark effect for energy levels.
Ballon and Voss17 investigated the spectra of a low-pass one-dimensional circular ring,
and also Mo¨bius ring resonators making an analogy between them and fermion particles.
We have performed detailed numerical calculations using variational methods, as will be
mentioned below, that permit results to any degree of desired accuracy. We have made the
same comparison between the cylindrical ring and the Mo¨bius ring, with higher accuracy, for
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the full two-dimensional surface with no approximations. Here we also include the energy
level splitting in a magnetic field and treat the issue of angular momentum exactly. We
also discuss the topological effect and its impact on the energy spectrum and the angular
momentum by considering rings with more twists. Furthermore, the process of photon
emission and optical transitions between states is discussed.
The work in the present article thus combines theory and simulations to provide a more
extensive and comprehensive a description of the quantum mechanics on a Mo¨bius ring.
In Section II, we set up the notation and the framework for the solution of Schro¨dinger’s
equation for an electron on a curved surface, and specialize this to the case of the Mo¨bius
ring. In Section III, We discuss the scaling properties of the energy as the width and ring
radius are varied. We show the existence of parity symmetry. The inclusion of an external
magnetic field is discussed. The case of multiple twists and scaling is discussed. Section IV
is devoted to reporting the numerical results, and we list the results for the energy levels
and the wavefunctions that are obtained using the finite element method (FEM).19–21,28 The
boundary conditions associated with the twisted surface are readily implemented within the
FEM, and they directly lead to wavefunctions that are periodic with a single and also with
a double traversal along the circumference. These results are extended to the case when
an external uniform magnetic field is present. The level separation in the magnetic field is
displayed. The wavefunctions and eigenvalues for Mo¨bius rings with 2, 3, 4, and 5 twists
are reported. Concluding remarks are relegated to Section V.
II. PRELIMINARIES: QUANTUM MECHANICS IN CURVED SPACE
A. The Schro¨dinger equation for a free particle
The Schro¨dinger equation for a free particle in flat-space, with coordinates (x1, x2, x3), is
given by −(~2/2m)∇2ψ = Eψ, where the Laplacian operator is given by ∇2 = div grad.
In curved space, with coordinates (x˜1, x˜2, x˜3), where the component coordinates are func-
tions of flat-space coordinates, x˜µ = x˜µ(x1, x2, x3), and with a metric gµν , the divergence
and gradient operators become
divX =
1√
det |g| ∂µ
(√
det |g|Xµ
)
; gradφ = ∂µφ = gµν∂νφ, (1)
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where det |g| is the determinant of the metric gµν , and X is any contravariant vector. The
Schro¨dinger equation for a free particle in the curved space is now given by
− ~
2
2m
1√
det |g| ∂µ
(√
det |g| gµν∂νψ
)
= Eψ. (2)
In the following, we employ the finite element method (FEM) for numerical calculations,
and FEM may be viewed as the discretization of the action integral. Thus, we will be
interested in setting up the action integral for our analysis. The action for a free particle in
flat-space is given by
S =
∫ (
~2
2m
∇ψ∗ · ∇ψ − E ψ∗ψ
)
dV. (3)
In curved space, the gradient is generalized as in the above, and ∇ψ∗ · ∇ψ ⇒ gµν∂µψ∗∂νψ.
The volume form becomes dV =
√
det |g| dx˜1dx˜2dx˜3 = √det |g| dV˜ , where x˜i are the coor-
dinate components in the curved space. Hence, the action for a free particle in curved space
is
S =
∫ (
~2
2m
gµν∂µψ
∗∂νψ − E ψ∗ψ
)√
det |g| dV˜ . (4)
It can be verified that the variation of this action with respect to ψ∗ recovers the Schro¨dinger
equation in curved space.
B. Inclusion of electromagnetic fields
We include the effect of external electromagnetic fields described by the electrostatic
potential φ and a vector potential Aµ by the following substitutions
∂µ ⇒ Dµ =
(
∂µ +
ie
~c
A˜µ
)
; E ⇒ (E − e φ) , (5)
where the electron has charge −e. Note that A˜µ is the vector potential in the curved space.
the usual the vector potential Aµ in flat-space can be transformed using A˜µ = (∂x
ν/∂x˜µ)Aν .
Now the Schro¨dinger equation takes the form
− ~
2
2m
1√
det |g|
(
∂
∂x˜µ
+
ie
~c
∂xρ
∂x˜µ
Aρ
)(√
det |g| gµν
(
∂
∂x˜ν
+
ie
~c
∂xσ
∂x˜ν
Aσ
))
ψ=(E−eφ)ψ. (6)
The action in the presence of the electromagnetic fields is given by
S =
∫ (
~2
2m
gµνDµψ
∗Dνψ − (E − eφ)ψ∗ψ
)√
det |g| dV˜ . (7)
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The above framework is the natural one for solving Schro¨dinger’s equation for a quan-
tum particle constrained to move on a curved surface. It is straightforward to include the
constraint condition when working in curved coordinates and reduce the dimensionality to
account for the motion being restricted to the surface.
C. Momentum and angular momentum operators
When we make a measurement of a physical vector quantity, however, we require the
components of the vector in the original flat-space (the laboratory coordinates). For example,
the expectation value of the momentum is obtained by using the momentum operator
pˆ = −i~∇ = −i~ eˆiηij∂j = −i~ eˆi∂i; 〈pi〉 = 〈ψ| pˆi |ψ〉, i = x, y, z, (8)
where ηij = δij is the flat-space metric, and ψ is the wavefunction. If the wavefunction on
the constrained surface is given, we transform the momentum operator as follows
pˆi = −i~ ∂i = −i~ gµν ∂x
i
∂x˜µ
∂
∂x˜ν
= −i~ ∂˜µxi ∂˜µ. (9)
The coordinate indices in the curved space are given by Greek letters, and the curved space
coordinates are denoted by x˜µ, with ∂˜µ being the covariant derivative in the curved space.
Concisely, the momentum operator can be written in vector form as pˆ = −i~ ∂˜µr ∂˜µ. The
angular momentum operator is given by Lˆ = rˆ× pˆ = −i~ r×
(
∂˜µr ∂˜µ
)
. The matrix element
of angular momentum then is given by the integral
〈L 〉 = −i~
∫
ψ∗ r×
(
∂˜µr ∂˜µψ
)√
det |g| dV˜ . (10)
III. THE MO¨BIUS RING
A. Geometry of the Mo¨bius ring
The coordinates on a Mo¨bius ring with width 2w and radius r are given by the following
parametric equation 
x(u, v) = (r + w v cos(u/2)) cosu,
y(u, v) = (r + w v cos(u/2)) sinu,
z(u, v) = w v sin(u/2),
(11)
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where 0 ≤ u ≤ 2pi and −1 ≤ v ≤ 1. Notice that we join the two ends of the ring with a
half-twist, which means (0, v) = (2pi,−v). These equations define a Mo¨bius ring centered at
the origin on the xy-plane. In uv-space, the metric is defined using the relation
ds2 =
[(
r + w v cos
u
2
)2
+
w2v2
4
]
du2 + w2 dv2. (12)
In order to simplify the notation, we let
λ =
√
(r + w v cos(u/2))2 + w2v2/4, (13)
so that the metric and its determinant are given as
gµν =
 λ2 0
0 w2
 ; gµν =
 λ−2 0
0 w−2
 ; √det |g| = wλ. (14)
B. Quantum mechanics on the Mo¨bius ring
Substituting the metric for the Mo¨bius ring into Eq.(2), we obtain the Schro¨dinger equa-
tion for a free particle constrained to move on the Mo¨bius ring
1
λ
∂u
(
1
λ
∂uψ
)
+
1
w2λ
∂v (λ ∂vψ) = −2mE~2 ψ, (15)
and from Eq.(4), we obtain the action of the free particle on the Mo¨bius ring
S =
∫ [
~2
2m
(
w
λ
∂uψ
∗∂uψ +
λ
w
∂vψ
∗∂vψ
)
− wλE ψ∗ψ
]
dudv. (16)
The boundary conditions are ψ(u,−1) = ψ(u, 1) = 0 and ψ(0, v) = ψ(2pi,−v). The action
will be needed when we solve for numerical solutions by the FEM as described in the next
section.
Observe that λ(r, w) is a homogeneous function of degree 1 because λ(αr, αw) = αλ(r, w).
The ranges of the parameter coordinates are u ∈ [0, 2pi], v ∈ [−1, 1], which do not depend
on r, w. Hence u, v are scale-invariant. Therefore, E(r, w) will be a homogeneous function
of degree −2 respect to r and w, i.e. we have E(αr, αw) = α−2E(r, w).
Apart from the twist, the Mo¨bius ring is similar to a cylindrical ring in geometry, so that
we can anticipate that the wavefunctions of a particle on these two surfaces should have
analogous features and would be labeled by the same indices. We can analytically solve for
the energy levels for the cylindrical ring to obtain
Enu,nv =
~2
2m
(
n2u
r2
+
pi2n2v
4w2
)
; nu = 0, 1, 2 . . . ; nv = 1, 2, 3 . . . , (17)
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where, as defined for Mo¨bius ring, the width of the cylindrical ring is 2w and r is its radius.
We note that ku = nu/r is the wavenumber in the circumferential (longitudinal) direction
and kv = pinv/2w is the wavenumber in the transverse direction. Our expectation is that
the Mo¨bius ring has similar energy levels
Enu,nv ≈
~2
2m
(
n2u
r2
+
pi2n2v
4w2
)
, (18)
where now the quantum number nu can take non-negative integer values when nv is odd, but
have half-integer values when nv is even. This is because the twist in the Mo¨bius ring gives
the boundary condition ψ(0, v) = ψ(2pi,−v). Assuming the effect of the curved surface is
small, ψ(u, v) ≈ −ψ(u,−v) when nv is even. Correspondingly, we have ψ(0, v) ≈ −ψ(2pi, v),
which only allows half-integer values for nu. This approximation for energy levels of the
Mo¨bius ring should become exact in the limit that the effect of the curvature is negligible,
which corresponds to a narrow ring.
C. The Mo¨bius ring in an external magnetic field
A constant magnetic field B0 in the z-direction can be expressed in terms of a vector
potential in an arbitrary gauge as A = B0(−ay i + bx j), with the condition a + b = 1. We
choose a = 1, b = 0 to simplify our considerations in the following. The vector potential in
the curved space is now given by
Au = −∂x(u, v)
∂u
B0 y; Av = −∂x(u, v)
∂v
B0 y, (19)
so the Schro¨dinger equation is given by{(
1
λ
Du
)2
+
1
w2λ2
(
λDv
)2}
ψ = −2mE
~2
ψ, (20)
where Du = ∂u − iηy ∂ux, Dv = ∂v − iηy ∂vx, and η = eB0/~c. Correspondingly, the action
is given by
S =
∫ [
~2
2m
(
w
λ
Duψ
∗Duψ +
λ
w
Dvψ
∗Dvψ
)
− wλE ψ∗ψ
]
dudv. (21)
Note that to maintain the scalability mentioned earlier we need to keep Du and Dv
unchanged when we change the dimensions of the Mo¨bius ring. Therefore, B should be
considered as a homogeneous function of degree −2 with respect to r and w, B(αr, αw) =
α−2B(r, w). This implies that for a change of the dimensions of the Mo¨bius ring by a factor
α, a magnetic field that is α2 times smaller would give the same eigenvalues.
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D. Rings with multiple twists
In order to compare outcomes from calculations for rings with different number of twists,
we consider a ring with any number of twists σ, whose parametric equation is give by
x(u, v) = (r + w v cos(σu/2)) cosu,
y(u, v) = (r + w v cos(σu/2)) sinu,
z(u, v) = w v sin(σu/2).
(22)
Thus, when σ = 0, the surface reduces to an ordinary ring without any twist. The boundary
conditions will depend on σ as follows
ψ(2pi, v) =
 ψ(0, v), when σ is even,ψ(0,−v), when σ is odd. (23)
The metric is identified by considering ds2 = λ2σ du
2 + w2 dv2, where we use the definition
λσ =
√
(r + wv cos(σu/2))2 + (σwv/2)2, with λ1 = λ as in the metric for the usual Mo¨bius
ring. Schro¨dinger’s equation, Eq.(15), and the action, Eq.(16), are now applicable for rings
with multiple twists, and we only need to change λ to λσ. Following the discussion for
Mo¨bius ring in previous sections, we can make similar calculation for energy levels and
angular momentum on rings with multiple twists.
E. Parity symmetry and rotational symmetry
For rings with multiple twists, σ, the parity transformation leads to Pˆψ(u, v) = ψ(2pi − u, v)
for even σ, and Pˆψ(u, v) = ψ(2pi − u,−v) for odd σ. The metric for rings with multiple
twists with λσ is still invariant under the parity transformation. In Schro¨dinger’s equation,
Eq.(15), we can expand the Hamiltonian operator as
H =
1
λ2σ
∂2u −
1
λ3σ
∂uλσ ∂u +
1
w2
∂2v +
1
w2λσ
∂vλσ ∂v, (24)
where we have changed λ to λσ for rings with multiple twists. Some factors coming from
the derivatives of the metric are given by
∂uλσ = −
[
σwv
(
r + wv cos
σu
2
)
sin
σu
2
]
/2λσ,
∂vλσ =
[
w
(
r + wv cos
σu
2
)
cos
σu
2
+
σ2w2v
4
]
/λσ. (25)
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It is easy to check that under the parity transformation we have
∂u → −∂u; ∂v → ∂v; ∂uλσ → −∂uλσ; ∂vλσ → ∂vλσ, for σ even, (26)
∂u → −∂u; ∂v → −∂v; ∂uλσ → −∂uλσ; ∂vλσ → −∂vλσ, for σ odd. (27)
Therefore, the Hamiltonian is invariant under the parity symmetry.
The cylindrical ring has rotational symmetry which leads to a double degeneracy for all
the energy levels except the ground state. This is easily understood in terms of the allowed
values of the wavevector k = (1/r)(. . . ,−2,−1, 0, 1, 2, . . .). The ground state corresponds
to k = 0, while the other pairs of states with k = ±n/r have the same energy. In the
Mo¨bius ring the continuous rotational symmetry is lost due to the twists. The corresponding
degeneracy is removed for rings with one or two twists.
Surprisingly, the rings with higher twists recover some of the degeneracies of the doublet
states. Presumably, this is due to discrete rotational symmetry associated with the uniformly
distributed location of the twists on the ring that is implicit in our parametric form for the
rings. Numerical calculations confirm this removal of degeneracy in singly and doubly twisted
Mo¨bius rings, and the partial recovery of double degeneracy for rings with more twist.
This interesting result may be understood in terms of the group representations of discrete
rotations about the z-axis and reflection Pˆ in the parameter space, the groups Cσv. The
groups C1v and C2v have only singlet representations, while the groups Cσv with σ ≥ 3 or
σ =∞ have both singlets and doublets as allowed representations. This is discussed further
in the next Section.
IV. NUMERICAL COMPUTATIONS WITH THE FINITE ELEMENT METHOD
The action for the Mo¨bius ring is discretized in uv-space into rectangular regions called
finite elements. We represent the wavefunctions in terms of Hermite interpolation polyno-
mials, called shape functions, which have derivative continuity across the finite elements.
The corners of the rectangles correspond to points (nodes) where the as-yet undetermined
wavefunctions and their derivatives are represented as variational parameters. The depen-
dence on u and v is integrated out over each element to obtain a discretized action given
as a bilinear form in the nodal parameters. The principle of stationary action now reduces
to a nodal variational principle that yields the discretized, matrix equation of motion. The
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resulting generalized eigenvalue problem is solved for the eigenvalues and the nodal param-
eters. The wavefunctions are then reconstructed using the interpolation polynomials used
in the discretization.28
A. Energy levels and wavefunctions
We first take a Mo¨bius ring with radius 1nm and width 1nm as an example. Our discussion
of scaling would apply so that our results can be generalized to other values of the radius and
width. Some of the wavefunctions are displayed in Figs. 1-4. Their eigenenergies are given in
Table I. We compare their energies with the corresponding states on an ordinary cylindrical
ring as expressed by Eq. (18) and correspondence between the two numbers is striking. The
wavefunctions in these figures correspond to (nearly) integer orbital angular momentum. In
Fig. 5 and Fig. 6 we display states labeled by |nu| = 1/2 and |nu| = 5/2, respectively. As
can be seen, these satisfy the periodicity in the azimuthal angle of 4pi and correspond to
orbital angular momenta that are half-integral. In Table II, we give the eigenenergies for
a Mo¨bius ring of radius 1 nm and width 0.2 nm in order to provide results for yet another
ratio of these dimensions. As mentioned earlier, the eigenvalues given would be scalable for
other commensurate dimensions.
B. Energy levels in a magnetic field
In the presence of a static magnetic field in the z-direction the eigenstates on a Mo¨bius
ring show Zeeman splitting based on their orbital angular momenta. Thus, in principle, the
identification of the angular momentum for a state can be experimentally done by measuring
the energy variation with an external B-field. The variation of the energies of the first 17
states with the field is shown in Fig. 7. The ground state varies very little with the magnetic
field. However, it exhibits level mixing with the next excited state at B ' 683 T. This region
of the spectrum is shown in Fig. X(a), and the states associated with the level mixing and
the mixed nature of the states is shown in Figs. X(b) and (c).
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C. Angular momentum of eigenstates
The expectation value of the z-component angular momentum, 〈Lz〉, is given in Table. III.
Because we have only approximate rotational invariance around z-axis, Lz is not a conserved
quantity as can also be verified by evaluating the nonvanishing variance 〈∆L2z〉.
Notice that the states with odd nv have integer spins and those with even nv have half
integer spins, and the expectation value 〈Lz〉 is always close to the quantum number nu.
This can be seen easily by comparing the various figures, Fig. 1 to Fig. 6, and Table. III.
The energy splitting due to the magnetic field in the z-direction can be explained by the
corresponding angular momentum.
D. Rings with multiple twists and energy level splitting
Two wavefunctions on the Mo¨bius ring with five twists are given in Fig. X. Note that
topologically, the rings with an odd number of twists are equivalent to the singly twisted
Mo¨bius ring, and rings with an even number of twists are equivalent to the ordinary cylin-
drical ring. We note that the half-integer value angular momentum only exists for rings of
the first kind, which implies that this property is coming from the non-trivial topology of
the Mo¨bius strip.
The appearance of energy gaps becomes a very interesting issue when we consider rings
with multiple twists, because the discrete rotational symmetry can recover the doubly de-
generate states in some cases. We considered the lowest 50 states for rings with 1 to 5 twists,
and the quantum numbers (nu, nv) for states that have energy gaps are given in Table.V.
Note that the energy gap only appears when the doublet has a quantum number nu such
that 2nu is a multiple of the number of twists σ,
2nu = s σ, s integer. (28)
With σ = 0 for a cylindrical ring, the only levels with no degeneracy are the singlets
with nu = 0. For σ = 1, 2, we have nu = s/2 and nu = s, respectively, so that with the
integer s = 0,±1,±2, . . ., all states are singlets with some being closer to their partners.
For σ = 3, we have states with nu = 3s/2 and nu = 0,±3/2,±3,±9/2, etc., being nonde-
generate while others are still degenerate. For σ = 4, only states with nu even have their
level degeneracy removed. Finally, for σ = 5, states with nu = 0,±5/2,±5,±15/2, . . . are
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nondegenerate. This pattern has been confirmed by our numerical work, and conforms to
the earlier discussion based on group representation theory.
E. Photon transitions on a Mo¨bius ring
The z-component of the orbital angular momentum for an eigenstate is observed to have
both (nearly) half-integer and integer value of ~ on a Mo¨bius ring. For a radius of 1 nm
and a width of 1 nm for a singly twisted Mo¨bius ring, the angular momentum and variance,
together with their energies, are reported in Table.III. For convenience, we will label the
states by their angular momenta (the closest half integer or integer value, which is nu). For
example, state 2 with quantum numbers (−1, 1) would be L−1, and state 13 with quantum
numbers (1
2
, 1) would be L1/2. Note that there are multiple states with the same angular
momentum; for example, the angular momentum of state 34 is also 0~, as does the ground
state. In the following, we focus on the lowest 19 states to consider photonic transitions on
the Mo¨bius ring.
We consider only the transitions for photons propagating in the z-direction. The Mo¨bius
strip does not have rotational symmetry about the x- and y-axes, and has only approximate
rotational symmetry about the z-axis. In order to clarify the role of angular momentum
conservation, we look at the two circularly polarized, helicity ±1, electromagnetic waves
propagating in the z-direction. We calculate the dimensionless oscillator strength for tran-
sitions between two states of a Mo¨bius ring with radius 1 nm and width 1 nm, using the
formula given by Hilborn,22
fij =
2mω
3~
|〈ψi|r|ψj〉|2, (29)
where ω is the frequency of the emitted photon, and r is the length of the dipole in the tran-
sition and is parallel to the direction of the photon polarization. Note that a commensurate
change of the radius and the width simultaneously does not change the value of the oscillator
strength, because the change of scale of the energy difference between states ∆E = ~ω and
that of the square of the dipole radius vector r cancel out. Note that the wavefunctions are
represented in parameter space and do not change with scaling.
We could take the sum over all directions for r to obtain the total oscillator strength.
However, we are more interested in photon emission in the z-direction. We will therefore
take rˆ = ex ± iey.
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The calculated oscillator strengths for our specific case of a Mo¨bius ring of radius 1 nm and
width 1 nm, are shown in Table.VI. Clearly, transitions with ∆Lz = −0.5 or ∆Lz = −1.5
have smaller strengths than transitions with ∆Lz = −1; the other transitions are highly
suppressed. A similar calculation for a Mo¨bius ring with a different radius-width ratio
shows a similar result.
These results confirm our expectation that the existence of a non-zero variance for the
angular momentum Lz would allow a transition from half integer angular momentum states
to integral angular momentum states, albeit with a smaller transition strength. Therefore,
the lowest state with half integer angular momentum would be metastable, because its decay
to lower states is suppressed by angular momentum conservation. However, this only holds
when we consider photon emission in z-direction. Our calculations for other photon emission
directions are more complicated and are not as illuminating.
V. CONCLUDING REMARKS
Recent advances in the chemical vapor deposition method of growing graphene sheets1
suggest that graphene rings can grown. We may anticipate that chemical methods can be
developed to construct nanowires and twisted nano-ribbons to form Mo¨bius structures in
the very near future.
The new results presented here are:
1. The close analogy between an ordinary cylindrical ring and Mo¨bius rings of multiple
twists is displayed by the closeness of the energy spectra.
2. The expectation values for the angular momentum component Lz are close, but not
exactly equal, to integral or half-integral multiples of ~.
3. The half-integer angular momentum states are present only for the nontrivial topology
of Mo¨bius rings having an odd number of twists σ.
4. The effect of the curvature of the Mo¨bius rings manifests itself in the level splitting
occurring only in states with 2nu = s σ; s integer. This can be understood in terms
of representations of the discrete rotational groups Cσv.
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5. The nonzero variance of Lz will allow weak transitions between integral and half-
integral angular momentum states, while preserving the unit angular momentum for
photons.
In view of the fascinating properties displayed by graphene in terms of its energy band
structure and other novel two-dimensional physics, we expect that the properties of carriers
on curved surfaces that we have presented here will be relevant for practical applications.
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Part II
Electronic transport on the Mo¨bius
ring
VI. INTRODUCTION
Aharonov and Bohm (AB) predicted23 that the magnetic vector potential A physically
affects the dynamics of charged particles in quantum mechanics even in regions where mag-
netic fields are absent. This focus on potentials rather than fields has been one of the
fundamental developments in quantum mechanics, and its consequences have been investi-
gated both theoretically and experimentally.24 When narrow (1D) metal rings are placed in
an external magnetic field and connected to two voltage leads, the current through the rings
displays oscillations with increasing magnetic flux of period Φ0 = h/e.
25 This is explained
by noting that the carriers have differing phase accumulation as they traverse the ring from
the left or the right portions of the annular conducting region. The theoretical evaluation
of the oscillations in this geometry and the experimental confirmation of these oscillations
have led to a better understanding of the AB effect.26,27 A multiply-connected geometry is
needed for observing this interference effect. This importance of the topology motivates us
to investigate the AB effect in Mo¨bius (twisted) rings.
In Part 1, we determined the energy levels, the level-splitting with and without an axial
magnetic field, in rings with 0 to 5 twists. In particular, the states in rings with an odd
number of twists were shown to have integer as well as half-integer angular momentum 〈Lz〉.
Here we report on calculations for the transport of carriers through a mesoscopic Mo¨bius
ring to which two leads are attached. The ring as well as the leads are taken to have finite
widths, so that the ring and the incoming and outgoing contacts act as waveguides for the
electrons. It is assumed that the electron states are not randomized by inelastic scattering
during the traversal of the arms of the ring, so that the vector potential A associated with
an external magnetic field introduces phase shifts in the carrier wavefunctions leading to
interference effects. The eigenstates in the Mo¨bius ring contribute as resonant states in the
transmission. The results are compared with those obtained for a Mo¨bius ring and for a flat
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ring; the latter has been the usual geometry considered. We report here on three results.
(i) A remarkable effect for the transmission coefficient is observed. The unusual states
with half-integer values of 〈Lz〉 observed on Mo¨bius rings display a different characteristic
in transmission. Such resonant states are in constructive interference for transmission at
magnetic fields where the contribution from ordinary states with integer 〈Lz〉 is in destructive
interference, and vice versa. This leads to an alternating dominance of the set of half-integer
〈Lz〉 states and the set of integer 〈Lz〉 states in transport with increasing magnetic fields.
(ii) Our numerical work shows that with finite widths for the contacts the resonant
states leak out of the structure, thereby lowering the resonant energy due to the increased
region of confinement. This effect is dependent on the wavelength and is less for shorter
wavelengths and higher energy states. Also, we see that the periodicity of the transmission
with increasing flux is weakened by finite-width effects.
(iii) With the transmission coefficients at hand, the conductances of the Mo¨bius and flat
rings are calculated using the Landauer-Bu¨ttiker formula,27 as a function of the magnetic
field and the Fermi energy of contact reservoirs assumed to be attached to the incoming and
outgoing waveguides. Here again the pattern of steps in the conductance for the Mo¨bius
ring structure is different from that for the flat ring.
VII. TRANSMISSION COEFFICIENTS OF THE MO¨BIUS RING AND FLAT
RINGS
The coordinates on a Mo¨bius ring with width 2w and radius r can be expressed as in
Part 1. with the parametric (local) coordinates u, v satisfying 0 ≤ u ≤ 2pi and −1 ≤ v ≤ 1.
The twist of the Mo¨bius ring gives rise to the boundary condition for the wavefunction
ψ(0, v) = ψ(2pi,−v). The metric for the Mo¨bius ring is ds2 = λ2du2 + w2dv2, and
gµν =
λ2 0
0 w2
 , λ =√(r + w v cos(u/2))2 + w2v2/4.
The Schro¨dinger action for a free particle on the Mo¨bius ring in the parametric coordinates
is given by
S=
∫ [
~2
2me
(
w
λ
∂uψ
∗∂uψ+
λ
w
∂vψ
∗∂vψ
)
−wλEψ∗ψ
]
dudv.
A constant external magnetic field B in the z-direction can be expressed in terms of a
vector potential Ax = −By. On the curved surface of the Mo¨bius ring, it is given by Au =
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−By ∂ux(u, v) and Av = −By ∂vx(u, v). Thus, the above Schro¨dinger action is generalized
by replacing ∂ → D, where Du = ∂u − iηy ∂ux, Dv = ∂v − iηy ∂vx, with η = eB/~c.
Calculations were performed for the free electron mass (me) on a Mo¨bius ring and a flat
ring, shown in Fig. 10. We assume they both have radius 50 nm and width 25 nm. The input
and output ports all have width ∼21 nm, with the actual dimensions given in Table VII.
Since the energy is inversely proportional to the carrier mass, the results can be directly
translated to other values of the effective mass.
The transmission coefficients are calculated for an incoming wave energy from 0.5 meV
to 3 meV, and are displayed in Fig. 11(a) and Fig. 11(b). A finite width for the contacts
enlarges the effective confinement region and allows the wavefunctions to leak out into the
leads, particularly for lower energy states.
For rings of finite width, we observe transmission states that are the first excited states in
the transverse (width) direction. These states correspond to half-integer angular momentum
states for the Mo¨bius ring. Such states show a distinct transmission property when an
external magnetic field is applied.
The dependence of the transmission coefficients for the Mo¨bius and the flat rings in a
magnetic field 0 – 1 T is shown in Fig. 12. In a 1D ring, the transport property shows a
periodicity of h/e in the magnetic flux. In the structures we considered, this corresponds to
a magnetic field B0 = h/(pir
2e) ' 0.53 T. In 2D rings with a finite width, the periodicity is
not exact because different paths along the circumference have different lengths, and we see
only an approximate periodicity with a repeated pattern. At high energies, for the width-
excited states, we see that the transmission pattern in a Mo¨bius ring is different from that
in a flat ring by a shift of B0/2. This is attributed to the special topology of the Mo¨bius
ring.
VIII. INTERPRETATION OF THE TRANSMISSION COEFFICIENTS
A. The 1D ring (width = 0)
The single particle states on a ring structure can be solved exactly if we neglect the width.
Assume a 1D ring of radius r lies on the xy plane; the Schro¨dinger equation for a particle
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in the presence of an external magnetic field B along the z axis, is
− ~
2
2me
(
1
r
d
dφ
+
ieB
2~
r
)2
ψ(φ) = E ψ(φ), (30)
where the vector potential is Aφ = Br/2 in cylindrical coordinates.
Assuming the wavefunction in the Schro¨dinger equation takes the form ψn = e
inφ. With
Lz = −i~∂φ, we have Lzψn = n~ψn. The boundary condition ψ(φ+ 2pi) = ψ(φ) requires n
to be integers, which leads to the energy spectrum at magnetic flux Φ given by
En(Φ) =
~2
2mer2
(
n+
e
h
Φ
)2
. (31)
Here, n = 0,±1,±2, . . .. It is easy to see that the spectrum is periodic in Φ with period
Φ0 = h/e.
Two energy levels Em(Φ) and En(Φ) may intersect at a specific flux Φ, corresponding
to interference effects. The interference occurs only when the flux Φ = νΦ0, where ν is an
integer or half-integer. This is because if Em(Φ) = En(Φ) for two states m and n, we have
m+ eΦ/h = −(n+ eΦ/h), so that Φ = νh/e with ν = −(m+ n)/2.
Now we consider the interference effects in the transmission in the 1D ring. We assume
the incoming and outgoing ports lie on the opposite ends, at φ = 0 and φ = pi, respectively.
The two states ψm = e
imφ and ψn = e
inφ both contribute to the transmission, and the total
amplitude at the output port would be eimpi + einpi. Notice that eimpi/einpi = ei(m−n)pi is 1
when m−n is even, and −1 when m−n is odd. Since m and n are integers, m+n and m−n
have the same parity. Therefore, the interference is constructive when ν is an integer (at Φ =
0, ±Φ0, ±2Φ0, · · · ), and destructive when ν is a half-integer (at Φ = ±Φ0/2, ±3Φ0/2, · · · ),
as is shown in Fig. 13.
B. The 2D ring (finite-width)
The previous discussion provides approximate solutions of width-ground states (ground
states with respect to the transverse excitations) on finite-width rings, for all Mo¨bius and
flat rings. As mentioned earlier, because of the finite width, we only have approximate
periodicity for the spectrum in the magnetic field, since different paths along the ring have
different length.
However, the width-excited states only exist on 2D rings, which are not included in the
solutions for 1D rings of Eq.(30). We take them into account by assuming a two-component
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wavefunction ψ(φ) = {χ(φ), −χ(φ)}T , and it satisfies the same equation given by Eq.(30).
The wavefunction takes different boundary conditions. For rings with “trivial” topology
such as the flat ring, the boundary condition is χ(φ + 2pi) = χ(φ). For the Mo¨bius ring,
the boundary condition is χ(φ + 2pi) = −χ(φ). In the first case, χ behaves exactly the
same as the scalar ψ in Eq.(30). The spectrum is given again by Eq.(31). This means the
width-excited states have the same property as width-ground states on flat rings.
For the Mo¨bius ring, however, the boundary condition χ(φ + 2pi) = −χ(φ) leads to
χn = e
inφ, where n are half-integers (±1/2, ±3/2, . . .). Therefore, the spectrum of first
width-excited states on a Mo¨bius ring is
En(Φ) = Ew +
~2
2mer2
(
n+
e
h
Φ
)2
, n half-integer
= Ew +
~2
2mer2
(
n′ +
1
2
+
e
h
Φ
)2
, n′ integer,
where Ew comes from the width-excitation. From the second expression, we see the spectrum
has a Φ0/2 = h/2e shift compared with the spectrum of width-ground states of Eq.(31).
The first width-excited states also have different behavior in transmission. The interfer-
ence of two states χm and χn gives the amplitude at the output port, which is e
impi + einpi.
Again, the two summands are identical when m−n is even, and opposite when m−n is odd.
However, since m and n are half-integers, m+n and m−n have oppsite parity, so the inter-
ference is constructive when ν = −(m+n)/2 is a half-integer (at Φ = ±Φ0/2, ±3Φ0/2, · · · ),
and destructive when ν is an integer (at Φ = 0, ±Φ0, ±2Φ0, · · · ), as is shown in Fig. 13(b).
In particular, the transmission is depressed for all the first width-excited states at zero mag-
netic field, and is activated when width-ground states transmission is depressed, for example
at Φ = Φ0/2. This can be seen in Fig. 12 which represents the full calculation.
Generally, on a finite-width Mo¨bius ring, the width-excited states can be classified into
two sets, depending on their behaviors in transmission. The width-ground states and states
with integer 〈Lz〉 belongs in the first class, which are activated at Φ = 0, ±Φ0, ±2Φ0, · · · .
The first width-excited states and states with half-integer 〈Lz〉 belong to the second class,
which are activated at Φ = ±Φ0/2, ±3Φ0/2, · · · . These two sets will dominate the total
transport alternatively as we increase the external magnetic field.
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IX. COMPARISON OF THE CONDUCTANCE IN MO¨BIUS AND FLAT RINGS
We assume the device is connected to two reservoirs with the Fermi levels at µi and µf .
The current passing through the device can be calculated by integrating over the transmis-
sion coefficient
I =
e
h
∫ ∞
0
dE Tr
(
t†t
)[
nF (E − µi)− nF (E − µf )
]
= I(µi)− I(µf ).
In the second equality, we separate the Fermi distributions from the input reservoir and
the output reservoir. Assuming the system is at zero temperature we have
I(µ) =
e
h
∫ µ
0
dE Tr
(
t†t
)
. (32)
The currents are plotted in Fig. 14. We see the switching off of half-integer 〈Lz〉 states in
the conductance on the Mo¨bius ring and a flattening for the case with B = 0. Other excited
states contribute to the transmission at higher energies, and they have not been included
here for the sake of brevity.
X. CONCLUSIONS
We conclude with the following remarks. The finite element method28 was used to dis-
cretize the action integral for the motion on the rings and to implement the mixed boundary
conditions associated with this scattering problem. As shown in Part 1 for the eigenstates,
this leads to very high accuracy in the calculations. Together with the inclusion of the
incoming and outgoing ports in the calculations, the method provides a full analysis of
the finite-width effects everywhere. This is in contrast with earlier treatments where wave-
function leakage into the leads is not included, for example.27,29,30 The differences in the
transmission and in the conductivity between the Mo¨bius rings and flat rings due to their
topology is striking enough to hold promise of the possibility of applications to magnetic
sensor technology. We may anticipate that Mo¨bius rings would be synthesized with graphene
ribbons in the near future.
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State Energy levels for Energy levels for
a Mo¨bius ring (eV) a cylindrical ring (eV)
1 0.37669504 0.37603000
2 0.41641487 0.41412981
3 0.41652395 0.41412981
4 0.53389775 0.52842922
5 0.53389782 0.52842922
...
...
...
12 1.51494577 1.51364496
13 1.51784950 1.51364496
14 1.59946010 1.58984457
15 1.59946318 1.58984457
...
...
...
34 3.38643541 3.38427002
35 3.42833811 3.42236982
36 3.42836035 3.42236982
TABLE I. Energy levels for a particle constrained to move on a Mo¨bius ring with radius 1 nm and
width 1 nm are shown. Note that these energies can be scaled appropriately for larger dimensions
as discussed in the text.
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State Energy levels for Energy levels for
a Mo¨bius ring (eV) a cylindrical ring (eV)
1 9.40048711 9.40075005
2 9.43884579 9.43884986
3 9.43913156 9.43884986
4 9.55324440 9.55314927
5 9.55324442 9.55314927
...
...
...
56 37.61014636 37.61252516
57 37.61485382 37.61252516
58 37.68867455 37.68872477
59 37.68867819 37.68872477
TABLE II. Energy levels for a particle constrained to move on a Mo¨bius ring with radius 1 nm and
width 0.2 nm are given. Note that these energies can be scaled for larger dimensions as discussed
in the text.
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State Average energy(eV) 〈Lz〉/~ 〈∆L2z〉/~2
1 0.3767 0.0000 0.0049
2, 3 0.4165 ±0.9893 0.0031
4, 5 0.5339 ±1.9832 0.0032
6, 7 0.7263 ±2.9758 0.0074
8, 9 0.9888 ±3.9684 0.0153
10, 11 1.3157 ±4.9602 0.0310
12, 13 1.5164 ±0.4901 0.0028
14, 15 1.5995 ±1.4724 0.0098
16, 17 1.7013 ±5.9499 0.0604
18, 19 1.7660 ±2.4556 0.0267
...
...
...
...
34 3.3864 0.0000 0.0030
35, 36 3.4283 ±0.9784 0.0087
TABLE III. The average energies associated with the nearly degenerate doublet states, the expec-
tation values of z-component angular momentum, and the variance of Lz, for a particle confined
to a Mo¨bius ring with radius 1 nm and width 1 nm are shown.
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State 〈Lz〉/~ 〈∆L2z〉/~2
1 0.00000000 0.00774776
2, 3 ±0.99624973 0.01029744
4, 5 ±1.99905985 0.02475479
...
...
...
56, 57 ±0.50060188 0.00726417
58, 59 ±1.49815510 0.05649878
TABLE IV. The expectation values and variances of the z-component of the angular momentum
for various states of a particle confined to a Mo¨bius ring with radius 1 nm and width 0.2 nm are
listed.
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Number of twists Quantum Numbers (nu, nv) for states that have energy gap
0 none
1 all states
2 all states
3 (3, 1), (6, 1), (9, 1), (1.5, 2), (4.5, 2), (7.5, 2), (3, 3) . . .
4 (2, 1), (4, 1), (6, 1), (8, 1), (10, 1), (2, 2), (4, 2), (6, 2), (2, 3) . . .
5 (5, 1), (10, 1), (2.5, 2), (7.5, 2) . . .
TABLE V. The states that have the energy gaps, for the lowest 50 states on Mo¨bius rings with 1 to
5 twists are listed by their quantum numbers. Only the positive values of nu are given to identify
the pairs of states corresponding to ±nu.
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Initial state Oscillator strength (final state)
L(nu) (nv) ∆Lz = −1 ∆Lz = −0.5 ∆Lz = −1.5 other transitions
L(0) (1) −0.3457 (L(−1)) −0.0803 (L(−1/2)) −0.0760 (L(−3/2)) < 0.003
L(−1) (1) −1.0365 (L(−2)) −0.0449 (L(−3/2)) −0.0613 (L(−5/2)) < 0.0008
L(1) (1) 0.3457 (L(0)) −0.0945 (L(1/2)) −0.0771 (L(−1/2)) < 0.0001
L(−2) (1) −1.7288 (L(−3)) −0.0304 (L(−5/2)) −0.0512 (L(−7/2)) < 0.0004
L(2) (1) 1.0365 (L(1)) −0.1114 (L(3/2)) −0.0964 (L(1/2)) < 0.003
L(−3) (1) −2.4142 (L(−4)) −0.0162 (L(−7/2)) < 0.0001
L(3) (1) 1.7288 (L(2)) −0.1340 (L(5/2)) −0.1035 (L(3/2)) < 0.0008
L(−4) (1) −3.0915 (L(−5)) < 0.0001
L(4) (1) 2.4142 (L(3)) −0.1548 (L(7/2)) −0.1049 (L(5/2)) < 0.0004
L(−5) (1) −3.7595 (L(−6)) < 0.0001
L(5) (1) 3.0915 (L(4)) −0.0980 (L(7/2)) < 0.0009
L(−1/2) (2) −0.7226 (L(−2/3)) 0.0945 (L(−1)) 0.0964 (L(−2)) < 0.003
L(1/2) (2) 0.0000 (L(−1/2)) 0.0803 (L(0)) 0.0771 (L(−1)) < 0.0003
L(−3/2) (2) −1.4404 (L(−5/2)) 0.1114 (L(−2)) 0.1035 (L(−3)) < 0.003
L(3/2) (2) 0.7226 (L(1/2)) 0.0449 (L(1)) 0.0760 (L(0)) < 0.0001
L(−5/2) (2) −2.1544 (L(−7/2)) 0.1340 (L(−3)) 0.1049 (L(−4)) < 0.0009
L(5/2) (2) 1.4404 (L(3/2)) 0.0304 (L(2)) 0.0613 (L(1)) < 0.003
TABLE VI. The oscillator strengths for optical transitions for states on a Mo¨bius ring with radius
1 nm and width 1 nm are given. The first column gives the initial state labeled by the component
of angular momentum 〈Lz〉 ' nu~ and the quantum number nv in parenthesis. The change in Lz
determines the final state in the transitions listed above, and also the final state quantum numbers
are given for different ∆Lz, with nv remaining the same in the transitions.
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FIG. 1. The ground state wavefunction on a Mo¨bius ring. In terms of the longitudinal (nu)
and transverse (nv) quantum numbers of a corresponding cylindrical ring (see text), this state is
labeled by (0, 1). The positive and negative values of the wavefunctions correspond to the colors red
through blue, with green being zero. This color scheme is true for all figures with wavefunctions.
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(a)The second state (b)The third state
FIG. 2. The 2nd and 3rd state wavefunctions on a Mo¨bius ring. In terms of the longitudinal (nu)
and transverse (nv) quantum numbers of a corresponding cylindrical ring (see text), these states
are labeled by (±1, 1), respectively.
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(a)The 8th state (b)The 9th state
FIG. 3. The 8th and 9th state wavefunctions for a particle on a Mo¨bius ring, with quantum
numbers (±4, 1), respectively.
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(a)The 26th state (b)The 27th state
FIG. 4. The 26th and 27th state wavefunctions for a particle on a Mo¨bius ring with quantum
numbers (±8, 1), respectively.
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(a)The 12th state (b)The 13th state
FIG. 5. The 12th and 13th state wavefunctions on a Mo¨bius ring. In terms of the longitudinal (nu)
and transverse (nv) quantum numbers of a corresponding cylindrical ring (see text), these states
are labeled by (±12 , 1), respectively.
(a)The 18th state (b)The 19th state
FIG. 6. The 18th and 19th state wavefunctions for a particle on a Mo¨bius ring, with quantum
numbers (±52 , 1), respectively.
37
FIG. 7. The variation of energy with a magnetic field for a particle on a Mo¨bius ring with the
magnetic field along the z-axis.
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(a)Energy levels near an anti-crossing
(b)The ground state (c)The first excited state
FIG. 8. (a) The anticrossing of the ground state with the next excited state. The variation of the
energy levels near B ' 683 T is shown. The wavefunctions for these states are shown in (b) and
(c), respectively, and are seen to be of mixed character due to the mixing.
39
(a)The 12th state with 〈Lz〉 ' 12~ (b)The 26th state with 〈Lz〉 ' 112 ~
FIG. 9. The wavefunctions for the 12th state, with (nu =
1
2 , nv = 2), and the 26th state, with
(nu =
11
2 , nv = 2), for a particle on a Mo¨bius ring with 5 twists.
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(a) Mo¨bius ring (b) flat ring
FIG. 10. A schematic for the Mo¨bius ring and the flat ring is shown with finite-width incoming
and outgoing contacts.
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(a) Mo¨bius ring
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(b) flat ring
FIG. 11. The transmission coefficients at B = 0 (red solid line) and B = B0/2 (blue dashed line)
for (a) a Mo¨bius ring and (b) a flat ring are shown. Observe the shift in the pattern above ∼2 meV
between the two cases.
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Ring Dimension In-port Out-port
Mo¨bius
radius: 50 nm,
width: 25 nm
21.66 nm 21.10 nm
flat
inner radius: 37.5 nm,
outer radius: 62.5 nm
21.56 nm 21.56 nm
TABLE VII. The dimensions of the Mo¨bius ring and an annular flat ring used in the calculations
are given.
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FIG. 12. The transmission coefficients for (a) a Mo¨bius ring and (b) a flat ring are shown as a
function of both the magnetic field and the energy of the injected particle. Dark/light regions
represent low/high transmission.
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FIG. 13. The pattern of interference in a 1D model (E versus Φ) is shown for states with (a)
integer, and (b) half-integer values of angular momentum 〈Lz〉.
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FIG. 14. The currents defined in Eq.(32) for (a) a Mo¨bius ring and (b) a flat ring are shown.
Observe the flattening in the current at B = 0 as half-integer 〈Lz〉 states do not contribute above
E ' 2 meV.
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